Abstract. We study solutions of the Markoff-Rosenberger equation ax 2 + by 2 + cz 2 = dxyz whose coordinates belong to the ring of integers of a number field and form a geometric progression.
Introduction
The study of sequences of points on algebraic varieties is nowadays a topic in number theory studied by many authors. A special interest has been shown for the case of arithmetic progressions on plane curves. Let C : F (x, y) = 0 be a plane curve defined over a field K. An arithmetic progression (a.p. for short) of length n on C is a sequence of points (x 1 , y 1 ), . . . , (x n , y n ) ∈ C(K) such that x 1 , . . . , x n form an arithmetic progression. If C is an elliptic curve, many researchers have studied this problem depending on how C is described: Weierstrass form [15, 18, 20, 21, 6, 33] , Mordell [27, 23] , congruent [16, 35] , quartic form [36, 24, 5] , Edwards [28] , Huff [29] . In genus greater than one the case of C being a hyperelliptic curve has been treated in [37, 4, 38] . As for the case of genus zero is concerned: Pellian equations [19, 30, 1] ; conic section [7] .
Recently, some authors have considered similar problems but replacing arithmetic progressions by geometric progressions (g.p. for short): Bérczes and Ziegler [13] and Bremner and Ulas [17] on Pell type equations.
One can take another point of view and consider a hypersurface S : F (x 1 , . . . , x n ) = 0 in A n . One may study if the coordinates of a point in S, considered as a sequence, satisfy some property. For example, if they form an a.p.. The case of solutions of norm equation such that their coordinates form an a.p. has been deeply studied in [10, 11, 12, 9] . Recently, the author and J. M. Tornero [22] have studied the case of triples in a.p. on the Markoff-Rosenberger equation over number fields. That is, if O K denotes the ring of integers of a number field K, we studied triples x, y, z ∈ O K in a.p. such that ax 2 + by 2 + cz 2 = dxyz for some a, b, c, d ∈ O K . In the current paper, we fix our attention on the case of g.p. instead of a.p. to prove results for g.p. analogous to those obtained in [22] . That is, our main objective is to study the set
In section 2, we will see that GP (a,b,c,d) (K) is in bijection with a subset of the affine solutions over O K of a genus zero curve, denoted by G (a,b,c,d ) . Then the description of GP (a,b,c,d) (K) is translated to the computation of integer points of a genus zero curve. For this task we will use mainly and heavily the research of Poulakis on solving genus zero Diophantine equations, developed in successive papers with Alvanos, Bilu and Voskos [2, 3, 31] . In section 3, we present an algorithm based on Alvanos and Poulakis' work [3] that allows us to compute G (a,b,c,d) (O K ). We show how the algorithm described in this section works on some examples not covered by the theoretical results from section 4. All the main theoretical results appear at section 4. There, we show that infinitely many integral Markoff-Rosenberger triples in g.p. over a number field K can exist only if K is neither the rational field nor a quadratic imaginary field. When K is the rational field we give an explicit description of this finite set. Finally we fix our attention to our original goal, the study of the generalized Markoff equation:
. We obtain the finite set GP (1,1,1,d) (K) when K is the rational field or an imaginary quadratic field. Furthermore, for the case when K is a real quadratic field we give a completely explicit description of this set, that could be either empty or infinite.
A genus zero curve
Our starting point is the Markoff equation
The integer solutions (so-called Markoff triples) of this Diophantine equation were deeply studied by Markoff in [25, 26] obtaining, among other results, that infinitely many Markoff triples exist. Later on, the Markoff equation has been generalized by several authors. We are going to focus our attention on the one studied by Rosenberger [32] : We will not assume these extra conditions for the rest of the paper. This paper is devoted to the study of Markoff-Rosenberger triples that form a g.p. over O K . Let a, b, c, d ∈ O K and x, y, z ∈ O K be a Markoff-Rosenberger triple in g.p.. Then there exist α, β ∈ O K such that
Therefore, if we exclude the solutions with α = 0 that correspond to the trivial solution (x, y, z) = (0, 0, 0), we obtain that non-trivial Markoff-Rosenberger triples in g.p. over O K are in bijection with the affine solutions over O K of the curve
with X = 0. Namely: 
gives a parametrization of the curve G over K.
Denote by G ∞ the set of infinity places of the field K(C). Then by [31, Lemma 2.2] we have that
Note that both points at infinity are defined over Q.
The general algorithm over number fields
Let K be a number field of degree n = [K : Q] and a, b, c, d ∈ O K . Our objective in this section is to describe the set
For this purpose we use the affine part of the parametrization ψ:
and we are going to develop an algorithm heavily based on the Alvanos and Poulakis' algorithm INTEGRAL-POINTS2A from the paper [3] . In fact, the algorithm presented here is just the application of INTEGRAL-POINTS2A to the curve G.
Step 1: Let α ∈ O K and denote by α = α s where s = 0 or s = 1 depending on
We denote by N K the absolute norm map for a number field K.
Step 2: Compute
where ∼ denotes equivalence class (modulo units of O K ).
Step 3: Compute a basis for the unit group U(O K ). By Dirichlet's Unit Theorem we have that U(O K ) is a finitely generated abelian group and therefore:
where ζ k is a k-th root of unity (k is the torsion order) and r is the rank. Moreover, r = r 1 + r 2 − 1 where r 1 denotes the number of real embeddings of K and r 2 the number of complex pairs embeddings of K. In particular, U(O K ) is finite if and only if K = Q or K is an imaginary quadratic field.
Step 4: For any t ∈ M compute τ (i, t) the order of the class of
Step 5: Now, for every t ∈ M compute the set H(t) of units η = ζ
Notice that in the case that δ 0 = ±1 we have δ 0 divides t.
Note that in order to apply the algorithm for some fixed values a, b, c, d in the ring of integers of some number field K we should be able to solve some problems. All of them are sorted out in Magma [14] . In the following table we show the main problems to be solved and the Magma functions that may be used:
Step
The algorithm at work. We recall that Rosenberger [32] proved that integral Markoff-Rosenberger triples exist if and only if 
∅ That is, integral Markoff-Rosenberger triples in g.p. exist for all these cases except for the last one. In this section we are going to study the case (1, 1, 5, 5) over the first two quadratic real fields. Thanks to Theorem 4.1 we know that if D is a squarefree positive integer then a Markoff-Rosenberger triple in g.p. over Q( √ D) exists if and only if infinitely many exist. We show one case of each of these possibilities. In particular, in Q( √ 2) we describe the infinitely many triples in g.p.; meanwhile in Q( √ 3) we will show that triples in g.p. do not exist. Let us apply our algorithm for this purpose.
Let K be a real quadratic field. We have that
. The fundamental unit is ε 2 = 1 + √ 2 which has order 12 on
Then, for any t ∈ M we obtain that H(t) = ∅, except in the following two cases: 
, 5)}.
Then we have obtained infinitely many triples in g.p., described by
) .
• K = Q( √ 3). The fundamental unit is ε 3 = 2+ √ 3 which has order 3 on U(O K /5). In this case, we have M = {5 k | k = 1, 2, 3, 4}. Finally, we obtain that H(t) = ∅ for all t ∈ M . That is, G (1,1,5,5) (O Q( √ 3) ) = ∅, and therefore
Theoretical results
This section is dedicated to show the theoretical results obtained on MarkoffRosenberger triples in g.p. over number fields. Proof. Let C be an affine algebraic curve of genus g defined over a number field K and denote by C ∞ the set of infinity places of the field K(C). Siegel [34] proved that if g > 0 or |C ∞ | > 2 then C(O K ) is finite. However, C(O K ) may be finite if g = 0 and |C ∞ | ≤ 2. These last cases where treated by Alvanos, Bilu and Poulakis [2] , obtaining a complete characterization of the cases in which C(O K ) is finite. In particular, our genus zero curve G satisfies |G ∞ | = 2 and both points at infinity are defined over Q, therefore [2, Theorem 1.2] asserts that G(O K ) is finite if and only if K = Q or K is an imaginary quadratic field. Now we fix our attention on the case of the rational field or an imaginary * quadratic field, since in these cases we have proved that only a finite number of triples in g.p. exist. In the rational case we have the following result:
Furthermore, if a is squarefree and γ = a+b+c d
, then
Proof. Let x, y, z ∈ Z be a triple in g.p. to the equation ax 2 + by 2 + cz 2 = dxyz. That is, there exist u, v ∈ Z such that v = 0 and x = v, y = vu, z = vu 2 . Then
Dividing by v 2 we obtain the simpler equation: a + bu 2 + cu 4 − dvu 3 = 0. This implies u 2 |a and v = γ u . In particular, since v ∈ Z we have du 3 |(cu 4 + bu 2 + a). Finally, we may assume u > 0 since γ −u = −γ u and therefore if (γ u , uγ u , u
Now, from the condition u 2 |a, it is clear that if a is squarefree then u = ±1 must hold.
Remark 4.4. Notice that the condition on the squarefreeness of a is necessary. For example, GP (4,1,1,1) (Q) = {(±6, 6, ±6), (±3, 6, ±12)}.
The next two results give complete descriptions on the case of generalized Markoff triples in g.p. over number fields of very low degree, that is one or two. Notice that (x, y, z) is a triple in g.p. to the equation x 2 + y 2 + z 2 = dxyz if and only if (x, −y, z) is a triple in g.p. to the equation x 2 + y 2 + z 2 = −dxyz. Then we will assume that d is positive. Now, the first result describes precisely the cases in which only finitely many triples in g.p. exist.
and
Proof. First notice that the second equality, for (d, D) = (1, 1), is a consequence of Theorem 4.3 with a = b = c = 1. To prove the first equality we use the algorithm of section 3. We have that δ 0 = 1.
, since on an imaginary quadratic field all elements have positive norm. Now we should compute the unit group of O K . But it is well-known that
Next step is to compute the set H(1): in this case its elements are ζ
It is a straightforward computation to determine H(1) depending on D and d:
Then the algorithm outputs:
That is
Therefore, the bijection given by (3) gives:
Remark 4.6. In particular the previous result proves: Once we have treated the cases where there are only a finite number of generalized Markoff triples in g.p., we are going to give a complete description of the set of generalized Markoff triples in g.p. over a real quadratic field. In this case, we will have infinitely many such triples or none at all. 
Proof. To prove this result we are going to use the algorithm of section 3. First of all, let ε D be the fundamental unit of the real quadratic field
To compute M we have only to observe that since δ 0 = 1 the set M consists on 1 and ε D in the case that N K (ε D ) = −1. Note that this is the so-called negative Pell equation. While the Pell equation N K (ε D ) = 1 has always a solution for any positive integer D, the negative Pell equation does not always have one, although there exists an effective algorithm to determine, for a fixed D, which is the case. Now, denote by n the order of the class of ε D in U(O K /d). Then at step 4 we must compute H(t) for t ∈ M . Note that 1 always belongs to M , then we have
Finally, we have Θ(t) = ε nz D z ∈ Z for any t ∈ M . Then the algorithm outputs
Then the bijection given by (3) together with the parametrization ψ given in (5) give the result. for some n, k, z ∈ Z, where ε D is the fundamental unit on the real quadratic field Finally, we present a partial result valid for any number field. Proof. Let us apply the algorithm of section 3. Now, since a, d ∈ U(O K ) we have δ 0 = 1, M = {t ∈ O K | N K (t) = ±1} /∼ and τ (i, t) = 1 for i = 1, . . . , r = rank Z U(O K ) and any t ∈ M . Therefore, if t ∈ M we have that H(t) = U(O K ) tors and Θ(t) = U(O K ) f ree , the torsion and free part of the unit group U(O K ) respectively. Then the algorithm outputs
{ψ(u, 1)}.
Then we conclude the proof using (3) and (5).
